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CONTROLLABILITY OF THE LAGUERRE AND THE JACOBI
EQUATIONS.
DIOMEDES BARCENAS(1), HUGO LEIVA(1), YAMILET QUINTANA(2) AND WILFREDO URBINA(1)
Abstract. In this paper we study the controllability of the controlled Laguerre equation
and the controlled Jacobi equation. For each case, we found conditions which guarantee
when such systems are approximately controllable on the interval [0, t1]. Moreover, we show
that these systems can never be exactly controllable.
Key words and phrases. Laguerre equation, Jacobi equation, controllability, compact semi-
group.
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1. Introduction.
The study of orthogonal polynomials which are eigenfunctions of a differential operator
have a long history. In 1929 S. Bochner [4] posed the problem of determining all families of
orthogonal polynomials in R that are eigenfunctions of some arbitrary but fixed second-order
differential operators. In that article, he proved that this property characterizes the so-called
classical orthogonal polynomials, linked with the names of Hermite, Laguerre and Jacobi
(this last family containing as particular cases the Legendre, Tchebychev and Gegenbauer
polynomials). Later H.L. Krall and O. Frink [16] considered the Bessel polynomials, that are
also orthogonal polynomials that satisfies a second order equation, but their orthogonality
measure does not have support is R but on the unit circle of the complex plane. The general
problem, for a differential operator of any order was possed by H. L. Krall [14] in 1938,
he proved that the differential operator has to be of even order and, in [15], he obtained a
complete classification for the case of an operator of order four (see [5], [14], [15] and [19] for
a more detailed references and further developments). There have been recent developments
in the direction of connecting the study of orthogonal polynomials with modern problems
related to Harmonic Analysis and PDE’s, see for instance [3], [12], [24] .
Date: October, 2006.
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On the other hand, it is well known that many differential equations can be solved using
the separation variable method, obtaining solutions in terms of a orthogonal expansion.
Nevertheless, is an absolute merit of C. Sturm and J. Liouville in the 1830s, the knowledge
of the existence of such solutions - long before the advent of Hilbert spaces Theory in the XX
-th century-. Their results were precursors of the Operator Theory, but from our present
viewpoint can be more naturally obtained as consequences of the spectral Theorem for
compact hermitian operators (the reader is referred to [26] for the proof of this statement).
With respect to recent developments in controllability of evolution equations of fluid me-
chanics and controllability of the wave and heat equations via numerical approximation
schemes, we refer to [13] and [27], respectively.
Following the point of view of connecting the study of diverse aspects of Orthogonal
Polynomials Theory with PDE’s, in this paper we are going to study:
(1) The controllability of controlled Laguerre equation
(1.1) zt =
d∑
i=1
[
xi
∂2z
∂x2i
+ (αi + 1− xi) ∂z
∂xi
]
+
∞∑
n=0
∑
|ν|=n
uν(t)〈b, lαν 〉µαlαν , t > 0, x ∈ Rd+,
where {lαν } are the normalized Laguerre polynomials of type α in d variables which
are orthogonal polynomials with respect to the the Gamma measure in Rd+, µα(x) =∏d
i=1
x
αi
i e
−xi
Γ(αi+1)
dx, b ∈ L2(Rd+, µα) and the control u ∈ L2(0, t1; l2), where with l2 the
Hilbert space complex square sumable sequences, that for convenience, it will be
written as
l2 =

U = {{Uν}|ν|=n}n≥0 : Uν ∈ C,
∞∑
n=0
∑
|ν|=n
|Uν |2 <∞

 ,
with the inner product and norm defined as
〈U, V 〉l2 =
∞∑
n=0
∑
|ν|=n
UνVν , ‖U‖2l2 =
∞∑
n=0
∑
|ν|=n
|Uν |2, U, V ∈ l2.
We will prove the following statement: If for all ν = (ν1, ν2, . . . , νd) ∈ Nd0
〈b, lαν 〉µα =
∫
R
d
+
b(x)lαν (x)µα(dx) 6= 0,
then the system is approximately controllable on [0, t1]. Moreover, the system can
never be exactly controllable.
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In particular, we consider the Laguerre equation in one variable with a single
control
zt = xzxx + (α + 1− x)zx + b(x)u t ≥ 0, x ∈ R+,
where b ∈ L2(R+, µα) and the control u belong to L2(0, t1;R+). This system is
approximately controllable if and only if∫
R+
b(x)lαν (x)x
−αexdx 6= 0, ν = 0, 1, 2, . . . .
(2) The controllability of controlled Jacobi equation
(1.2) zt =
d∑
i=1
[
(1−x2i )
∂2z
∂x2i
+(βi−αi−(αi + βi + 2) xi) ∂z
∂xi
]
+
∞∑
n=0
∑
|ν|=n
uν(t)〈b, pα,βν 〉µα,βpα,βν ,
t > 0, x ∈ [−1, 1]d where {pα,βν } are the normalized Jacobi polynomials of type α =
(α1, . . . , αd), β = (β1, . . . , βd) ∈ Rd, αi, βi > −1, in d variables, which are orthogonal
polynomials with respect to the Jacobi measure in [−1, 1]dµα,β(x) =
∏d
i=1(1−xi)αi(1+
xi)
βi dx, b ∈ L2([−1, 1]d, µα,β) and the control u ∈ L2(0, t1; l2).
Analogous to the previous case, we will prove that if for all ν = (ν1, ν2, . . . , νd) ∈ Nd0
〈b, pα,βν 〉µα,β =
∫
[−1,1]d
b(x)pα,βν (x)µα,β(dx) 6= 0,
then the system is approximately controllable on [0, t1]; but, it can never be exactly
controllable.
Also, in particular, for α, β > −1 we consider the Jacobi equation in one variable
with a single control
zt = (1− x2)zxx + (β − α− (α + β + 2)x)zx + b(x)u, t ≥ 0, x ∈ [−1, 1],
where b ∈ L2([−1, 1], µα,β) and the control u belong to L2(0, t1; [−1, 1]). This system
is approximately controllable if and only if∫
[−1,1]
b(x)pα,βν (1− x)−α (1 + x)−β dx 6= 0, ν = 0, 1, 2, 3, . . . .
The Laguerre differential operator,
Lα = −
d∑
i=1
[
xi∂
2
xi
+ (αi + 1− xi)∂xi
]
(1.3)
and the Jacobi differential operator,
Lα,β = −
d∑
i=1
[
(1− x2i )∂2xi + (βi − αi − (αi + βi + 2) xi)∂xi
]
(1.4)
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are well-known operators in the theory Orthogonal Polynomials , in Probability Theory, in
Quantum Mechanics and in Differential Geometry (see [12], [18], [19], [20],[23]).
With the results of this paper, we complete the study of controllability problem for the
operators associated to classical orthogonal polynomials. In a previous paper [3] it was
considered the case of Ornstein-Uhlenbeck operator, and as far as we know, these controled
equations have not been studied until now. Also we obtain results, as in [22], on approximate
controllability for some higher dimensional systems associated to a Sturm-Liouville operators
of the form
L = 1
ρ(x)
d∑
i,j=1
∂xi
(
aij(x)∂xj
)
,
where x ∈ Rd, ρ : Rd → R is a constant function and A(x) = (aij(x))1≤i,j≤d is a constant
matrix. It remains open the study of the general case. The arguments used in this paper
can be extended to this more general setting.
Two important tools which allow to improve and complete the study of controllability
problem for the operator associated to classical orthogonal polynomials were used in [3] and
come from [2] (Theorem 3.3) and [9] (Theorem A.3.22).
The outline of the paper is the following. Section 2 is dedicated to preliminary results.
Section 3 we present main results of the paper, the controllability of the controlled Laguerre
equation (1.1) and the controllability of the controlled Jacobi equation (1.2).
2. Preliminary results.
In this section we shall choose the spaces where our problems will be set and we shall
present some results that are needed in the next section. Also,we will give the definition of
exact and approximate controllability.
To deal with polynomials in several variables we use the standard multi-index notation. A
multi-index is denoted by ν = (ν1, . . . , νd) ∈ Nd0, where N0 is the set of non negative integers
numbers. For ν ∈ Nd0 we denote by ν! =
∏d
i=1 νi!, |ν| =
∑d
i=1 νi, ∂i =
∂
∂xi
, for each 1 ≤ i ≤ d
and ∂ν = ∂ν11 . . . ∂
νd
d .
Then the normalized Laguerre polynomials of type α = (α1, . . . , αd) ∈ Rd, αi > −1, and
order ν in d variables is given by the tensor product
(2.5) lαν (x) =
√
ν!√
Γ(α + ν + 1)
d∏
i=1
(−1)αix−αii exi
∂νi
∂xνii
(xνi+αii e
−xi).
It is well known, that the Laguerre polynomials are eigenfunctions of the Laguerre operator
Lα,
Lαlαν (x) = − |ν| lαν (x).
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Given a function f ∈ L2(Rd+, µα) its ν-Fourier-Laguerre coefficient is defined by
〈f, lαν 〉µα =
∫
R
d
+
f(x)lαν (x)µα(dx),
Let Cαn be the closed subspace of L
2(Rd+, µα) generated by {lαν : |ν| = n}, Cαn is a finite
dimensional subspace of dimension
(
n+d−1
n
)
. By the ortogonality of the Laguerre polynomials
with respect to µα it is easy to see that {Cαn} is a orthogonal decomposition of L2(Rd+, µα),
L2(Rd+, µα) =
∞⊕
n=0
Cαn ,
which is called the Wiener-Laguerre chaos.
The orthogonal projection P αn of L
2(Rd+, µα) onto C
α
n is given by
P αn f =
∑
|α|=n
〈f, lαν 〉µαlαν , f ∈ L2(Rd+, µα),
and for a given f ∈ L2(Rd+, µα) its Laguerre expansion is given by f =
∑
n P
α
n f.
Using this notation one can prove the following espectral decomposition of Lα
Lαf =
∞∑
n=0
(−n)P αn f, f ∈ L2(Rd+, µα),
and its domain D(Lα) is
D(Lα) =
{
f ∈ L2(Rd+, µα) :
∞∑
n=0
n2‖P αn f‖2,µα <∞
}
.
Let Z = L2(Rd+, µα) and l
2 be the Hilbert space of complex square sumable sequences.
Now, suppose that b is a fixed element of Z and consider the linear and bounded operator
B : l2 → Z defined by
(2.6) BU =
∞∑
n=0
∑
|ν|=n
Uν〈b, lαν 〉µα lαν .
Then, the system (1.1) can be written as follows
(2.7) z′ = Lαz +Bu, t > 0.
By a similar way, the normalized Jacobi polynomials of type α = (α1, . . . , αd), β =
(β1, . . . , βd) ∈ Rd, αi, βi > −1, of order ν in d variables is given by the tensor product
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(2.8)
pα,βν (x) = (h
(α,β)
ν )
−1/2
d∏
i=1
(1− xi)−αi (1 + xi)−βi (−1)
νi
2νiνi!
dνi
dxνii
{
(1− xi)αi+νi (1 + xi)βi+νi
}
,
where h
(α,β)
ν =
∏d
i=1 h
(αi,βi)
νi , with h
(αi,βi)
νi =
2αi+βi+1
2νi+αi+βi+1
Γ(νi+αi+1)Γ(νi+βi+1)
Γ(νi+1)Γ(νi+αi+βi+1)
.
Also, it is well-known, that the Jacobi polynomials are eigenfunctions of the Jacobi oper-
ator Lα,β,
Lα,βpα,βν = −
d∑
i=1
[
(1−x2i )∂2xipα,βν +(β−α−(α + β + 2)xi)∂xipα,βν
]
=
d∑
i=1
νi (νi + αi + βi + 1) p
α,β
ν .
And given a function f ∈ L2([−1, 1]d, µα,β) its ν-Fourier-Jacobi coefficient is defined by〈
f, pα,βν
〉
µα,β
=
∫
[−1,1]d
f(x)pα,βν (x)µα,β(dx).
As the eigenvalues of the Jacobi operator are not linear in n, following [1] we are going to
consider a alternative decomposition, in order to obtain an espectral decomposition of Lα,βf
for any f ∈ L2([−1, 1]d, µα,β) in terms of the orthogonal projections.
For fixed α = (α1, α2, · · · , αd), β = (β1, β2, · · · , βd), in Rd such that αi, βi > −12 let us
consider the set,
Rα,β =
{
r ∈ R+ : there exists (κ1, . . . , κn) ∈ Nd0,with r =
d∑
i=1
κi(κi + αi + βi + 1)
}
.
Rα,β is a numerable subset of R+, we can write an enumeration of Rα,β as {rn}∞n=0 with
0 = r0 < r1 < · · · . Let
Aα,βn =
{
κ = (κ1, . . . , κd) ∈ Nd0 :
d∑
i=1
κi(κi + αi + βi + 1) = rn
}
.
Notice that Aα,β0 = {(0, . . . , 0)} and that if κ ∈ Aα,βn then
∑d
i=1 κi(κi + αi + βi + 1) = rn.
Let Cα,βn denote the closed subspace of L
2([−1, 1]d, µα,β) generated by the linear combina-
tions of {p α,βκ : κ ∈ Aα,βn }. By the orthogonality of the Jacobi polynomials with respect to
µα,β and the density of the polynomials, it is not difficult to see that {Cα,βn } is an orthogonal
decomposition of L2([−1, 1]d, µα,β), that is
(2.9) L2([−1, 1]d, µα,β) =
∞⊕
n=0
Cα,βn .
We call (2.9) a modified Wiener–Jacobi decomposition.
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The ortogonal proyection P α,βn of L
2([−1, 1]d, µα,β) onto Cα,βn is given by
P α,βn f =
∑
ν∈Aα,βn
〈f, pα,βν 〉µα,βpα,βν , f ∈ L2([−1, 1]d, µα,β),
and for a given f ∈ L2([−1, 1]d, µα,β) its Jacobi expansion is then given by
f =
∞∑
n=0
P α,βn f.
Therefore
{
P α,βn
}
n≥0
is a complete system of orthogonal projections in L2([−1, 1]d, µα,β).
Using this notation one can prove the following espectral decomposition of the operator
Lα,β
Lα,β =
∞∑
n=0
(−rn)P α,βn f,
f ∈ L2([−1, 1]d, µα,β), and its domain D(Lα,β) is given by
D(Lα,β) =
{
f ∈ L2([−1, 1]d, µα,β) :
∞∑
n=0
(rn)
2‖P α,βn f‖2,µα,β <∞
}
.
Let W = L2([−1, 1]d, µα,β) and l2 be the Hilbert space of complex square sumable se-
quences. Again, suppose that b is a fixed element of W and consider the linear and bounded
operator B˜ : l2 →W defined by
(2.10) B˜U =
∞∑
n=0
∑
|ν|=n
Uν〈b, pα,βν 〉µα,βpα,βν .
Then, the system (1.2) can be written as follows
(2.11) w′ = Lα,βw + B˜u˜, t > 0,
Theorem 2.1. The operators Lα and Lα,β are the infinitesimal generators of analytic semi-
groups {T α(t)}t≥0 and
{
T α,β(t)
}
t≥0
, respectively. They are given as
(2.12) T α(t)z =
∞∑
n=0
e−ntP αn z, z ∈ Z, t ≥ 0,
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where {P αn }n≥0 is a complete orthogonal projections in the Hilbert space Z given by
P αn z =
∑
|ν|=n 〈z, lαν 〉µα lαν , n ≥ 0, z ∈ Z, and
(2.13) T α,β(t)w =
∞∑
n=0
e−rntP α,βn w, w ∈ W, t ≥ 0,
where
{
P α,βn
}
n≥0
is a complete orthogonal projections in the Hilbert space W given by
P α,βn w =
∑
ν∈Aα,βn
〈w, pα,βν 〉µα,βpα,βν , n ≥ 0, w ∈ W.
Lemma 2.1. The semigroups given by (2.12) and (2.13) are compact for t > 0.
Proof. Since T α(t) is given by
T α(t)z =
∞∑
n=0
e−ntP αn z, t > 0,
we can consider the following sequence of compact operators
T αk (t)z =
k∑
n=0
e−ntP αn z, t > 0.
It is easy to see that the sequence of compact operators {T αn (t)} converges uniformly to
T α(t) for all t > 0.
Analogously, T α,β(t) is given by
T α,β(t)w =
∞∑
n=0
e−rntP α,βn w, t > 0,
so that, we can consider the following sequence of compact operators
T
α,β
k (t)w =
k∑
n=0
e−rntP α,βn w, t > 0.
and again it is easy to see that the sequence of compact operators {T α,βk (t)} converges
uniformly to T α,β(t) for all t > 0.
Then, from part e) of Theorem A.3.22 of [9] we conclude the compactness of the semigroups
T α(t) and T α,β(t), respectively. 
Now, we shall give the definitions of exact and approximate controllability in terms of
system (2.7) and (2.11). In spite of this definitions can be given for more general evolutions
equations, we concentrated our atention to the cases of our interest.
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For all z0 ∈ Z, w0 ∈ W and given controls u ∈ L2(0, t1; l2) and u˜ ∈ L2(0, t1; l2) the
equations (2.7) and (2.11) have a unique mild solution given -in each case- by
(2.14) z(t) = T α(t)z0 +
∫ t
0
T α(t− s)Bu(s)ds, 0 ≤ t ≤ t1.
(2.15) w(t) = T α,β(t)w0 +
∫ t
0
T α,β(t− s)B˜u˜(s)ds, 0 ≤ t ≤ t1.
Definition 2.1. (Exact Controllability).
We shall say that the system (2.7) (respectively, (2.11)) is exactly controllable on [0, t1], t1 >
0, if for all z0, z1 ∈ Z (respectively, w0, w1 ∈ W ) there exists a control u ∈ L2(0, t1; l2)
(respectively, u˜ ∈ L2(0, t1; l2) ) such that the solution z(t) of (2.7) corresponding to u
(respectively, the solution w(t) of (2.11) corresponding to u˜), that verifies z(t1) = z1 (respec-
tively, w(t1) = w1).
Consider the following bounded linear operators
(2.16) G : L2(0, t1; l
2)→ Z, Gu =
∫ t1
0
T α(t1 − s)Bu(s)ds,
(2.17) G˜ : L2(0, t1; l
2)→W, G˜u˜ =
∫ t1
0
T α,β(t1 − s)B˜u˜(s)ds.
Then, the following Proposition is a characterization of the exact controllability of the
sytems (2.7) and (2.11).
Proposition 2.1.
i) The system (2.7) is exactly controllable on [0, t1] if and only if, the operator G is
surjective, that is to say
GL2(0, t1; l
2) = GL2 = Range(G) = Z.
ii) The system (2.11) is exactly controllable on [0, t1] if and only if, the operator G˜ is
surjective, that is to say
G˜L2(0, t1; l
2) = G˜L2 = Range(G˜) = W.
Definition 2.2. We say that (2.7) (respectively, (2.11)) is approximately controllable in
[0, t1] if for all z0, z1 ∈ Z (respectively, w0, w1 ∈ W ) and ǫ > 0, there exists a control
u ∈ L2(0, t1; l2) (respectively, u˜ ∈ L2(0, t1; l2)) such that the solution z(t) given by (2.14)
(respectively, the solution w(t) given by (2.15)) satisfies
‖z(t1)− z1‖ ≤ ǫ, (respectively, ‖w(t1)− w1‖ ≤ ǫ).
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Via duality, the following Theorem allows to give a characterization of the approximate
controllability for our systems. Such characterization holds in general and the reader is
referred to [9] for the details of its proof.
Theorem 2.2.
i) The system (2.7) is approximately controllable on [0, t1] if and only if
(2.18) B∗ (T α)∗ (t)z = 0, ∀t ∈ [0, t1], implies z = 0.
ii) The system (2.11) is approximately controllable on [0, t1] if and only if
(2.19) B˜∗
(
T α,β
)∗
(t)w = 0, ∀t ∈ [0, t1], implies w = 0.
3. Controllability of the controlled Laguerre equation and the
controlled Jacobi equation.
In this section we shall prove the main results of the paper,
Theorem 3.1.
i) If for all n ∈ N0 and |ν| = n we have
(3.20) 〈b, lαν 〉µα =
∫
R
d
+
b(x)lαν (x)µα(dx) 6= 0,
then the system (2.7) is approximately controllable on [0, t1], but never exactly con-
trollable.
ii) If for all n ∈ N0 and |ν| = n we have
(3.21) 〈b, pα,βν 〉µα,β =
∫
[−1,1]d
b(x)pα,βν (x)µα,β(dx) 6= 0,
then the system (2.11) is approximately controllable on [0, t1], but never exactly con-
trollable.
Remark 3.1. Notice that it is sufficient to prove the first part of the Theorem, since the
proof depends of relation between the adjoint operator of B (respectively, B˜) and the adjoint
operator of T α(t) (respectively, T α,β(t)) given by the Theorem 2.2.
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Proof. Suppose condition (3.20). Next, we compute B∗ : Z → l2. In fact,
〈BU, z〉µα =
〈
∞∑
n=0
∑
|ν|=n
Uν 〈b, lαν 〉µα lαν , z
〉
Z,Z
=
∞∑
n=0
∑
|ν|=n
Uν 〈b, lαν 〉µα 〈z, lαν 〉Z,Z
=
〈
U, {{〈b, lαν 〉µα 〈z, lαν 〉}|ν|=n}n≥0
〉
l2,l2
.
Therefore,
B∗z = {{〈b, lαν 〉µα〈z, lαν 〉}|ν|=n}n≥0 =
∞∑
n=0
∑
|ν|=n
〈b, lαν 〉µα〈z, lαν 〉eν ,
where {{eν}|ν|=n}n≥0 is the canonical basis of l2.
On the other hand,
(T α)∗(t)z =
∞∑
n=0
e−ntP αn z, z ∈ Z, t ≥ 0.
Then,
B∗(T α)∗(t)z = {{〈b, lαν 〉µα〈(T α)∗(t)z, lαν 〉}|ν|=n}n≥0.
According with the part i) of Theorem 2.2 the system (2.7) is approximately controllable
on [0, t1] if and only if
(3.22) 〈b, lαν 〉µα〈(T α)∗(t)z, lαν 〉 = 0, ∀t ∈ [0, t1], |ν| = n, n = 0, 2, · · · ,∞, ⇒ z = 0.
Since 〈b, lαν 〉µα 6= 0 for |ν| = n, n ≥ 0, then condition (3.22) is equivalent to
(3.23) 〈(T α)∗(t)z, lαν 〉 = 0, ∀t ∈ [0, t1], |ν| = n, n ≥ 0, ⇒ z = 0.
Now, we shall check condition (3.23):
〈(T α)∗(t)z, lαν 〉 =
∞∑
m=0
e−mt〈Pmz, lαν lαν 〉 = 0, |ν| = n, n = 0, 1, 2, . . . ,∞; t ∈ [0, t1].
Applying Lemma 3.14 from [9], pag. 62 (see also Lemma 3.1 of [3]), we conclude that
〈P αmz, lαν 〉 = 0, |ν| = n, m, n = 0, 1, 2, . . . ,∞.
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i.e., ∑
|ν|=m
〈z, lαν 〉 〈lαν , lαν 〉 = 0, |ν| = n, m, n = 0, 1, 2, . . . ,∞.
i.e.,
〈z, lαν 〉 = 0, |ν| = n, n = 0, 1, 2, . . . ,∞.
Since {lαν }ν is a complete orthonormal basis of Z, we conclude that z = 0.
On the other hand, from Lemma 2.1 we know that T α(t) is compact for t > 0, then
applying Theorem 3.3 from [2] we conclude that the system (2.7) is not exactly controllable
on any interval [0, t1]. This last fact and the remark 3.1 finish the proof. 
Since an important ingredient in the above proof is Theorem 3.3 from [2], for completeness
of this work we shall include here its proof -adapted to our context-.
In fact, from Proposition 2.1 it is enough to prove that the operator
G : L2(0, t1; l
2)→ Z, Gu =
∫ t1
0
T α(t1 − s)Bu(s)ds
satisfies
Range(G) 6= Z.
In order to do that, we shall prove that the operator G is compact. For all δ > 0 small
enough the operator G can be written as follows
G = Gδ + Sδ, Gδ, Sδ ∈ L(L2(0, t1; l2, Z),
where
Gδu =
∫ t1−δ
0
T α(t1 − s)Bu(s)ds and Sδu =
∫ t1
t1−δ
T α(t1 − s)Bu(s)ds.
Claim 1. The operator Gδ is compact. In fact,
Gδu =
∫ t1−δ
0
T α(δ)T α(t1 − δ − s)Bu(s)ds
= T α(δ)
∫ t1−δ
0
T α(t1 − δ − s)Bu(s)ds
= T α(δ)Hδu.
Since T α(δ) is compact and Hδ ∈ L(L2(0, t1; l2), Z), then Gδ is compact.
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Claim 2. For ǫ > 0 there exists δ > 0 such that ‖Sδ‖ < ǫ. In fact,
‖Sδu‖ ≤
∫ t1
t1−δ
‖T α(t1 − s)‖‖B‖‖u(s)‖ds
≤
∫ t1
t1−δ
M‖B‖‖u(s)‖ds,
where
M = sup
0≤s≤t≤t1
‖T α(t− s)‖.
Applying Ho¨lder’s inequality we obtain
‖Sδu‖ ≤M‖B‖δ‖u‖L2 .
Therefore, ‖Sδ‖ < ǫ if δ < ǫM‖B‖ .
Hence, for all natural number n the exists δn > 0 such that
‖G−Gδn‖ = ‖Sδn‖ <
1
n
, n = 1, 2, 3, . . . .
So that, the sequence of compact operators {Gδn} converges uniformly to G. Then applying
part e) of Theorem A.3.22 from [9] we obtain that G is compact. Finally, from part g) of
the same Theorem we obtain that Range(G) 6= Z.
As special cases of Theorem 3.1 we consider
Example 3.1.
a) The Laguerre equation in one variable with a single control
(3.24) zt = xzxx + (α+ 1− x)zx + b(x)u t ≥ 0, x ∈ R+,
where b ∈ L2(R+, µα) and the control u belong to L2(0, t1;R+).
The equation (3.24) is approximately controllable if and only if∫
R+
b(x)lαν (x)x
−αexdx 6= 0, ν = 0, 1, 2, . . . .
In particular, if α = n
2
−1 then the equation (3.24) is associated to the Cox-Ingersoll-
Ross (CIR) processes with a single control and therefore the controlled CIR can never
be exactly controllable on [0, t1].
b) The Jacobi equation in one variable with a single control
(3.25) zt = (1− x2)zxx + ((β − α− (α + β + 2) x)zx + b(x)u t ≥ 0, x ∈ [−1, 1],
where b ∈ L2([−1, 1], µα,β) and the control u belong to L2(0, t1; [−1, 1]).
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The equation (3.25) is approximately controllable if and only if∫
[−1,1]
b(x)pα,βν (1− x)−α (1 + x)−β dx 6= 0, ν = 0, 1, 2, . . . .
Remark 3.2. Notice that in each case, the approximated controllability is totally determined
by the non-orthogonality of the function b ∈ L2(R+, µα) (respectively, b ∈ L2([−1, 1], µα,β))
and the Laguerre (respectively, Jacobi) polynomials and it is independent of choice of control
u.
Finally, we will make some comments about the controllability of general Sturm-Liouville
equations. From a general point of view our arguments require of the following ingredients:
(1) A measure space (Ω,Σ, µ), where Ω ⊆ Cd and µ is a Borel measure defined on Ω.
(2) An differential operator Sturm-Liouville type L, whose eigenfunctions {yn}n≥0 form
a complete orthogonal system in L2(Ω, dµ) with complex eigenvalues {λn}n≥0 such
that ℜ(λn)→∞ as n→∞.
(3) A sequence of orthogonal projections {Pn}n≥0 associated to the complete orthogonal
system {yn}n≥0.
(4) The Hilbert space of complex square sumable sequences l2.
With these ingredients the semigroup of operators {Tt}t≥ given by
Ttf =
∑
n≥0
e−λntPnf
is a strongly continuous semigroup of compact operators,having infinitesimal generator,
L =
∑
n≥0
(−λn)Pnf,
with domain
D(L) =
{
f ∈ L2(Ω, dµ) :
∑
n≥0
‖λnPnf‖2L2(Ω,dµ) <∞
}
.
Then for b ∈ L2(Ω, dµ) fixed, we consider the linear and bounded operator
B : l2 → L2(Ω, dµ) defined by
BU =
∑
n≥0
Un〈b, yn〉L2(Ω,dµ)yn.
Then, the controlled equation associated to the Sturm-Liouville differential operator L,
z′(t) = Lz(t) +Bu(t), t ≥ 0
is approximately controllable on [0, t1], if and only if,
Pnb 6= 0, for all n ≥ 0.
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The special case d = 1 and Ω be the unit circle of the complex plane, the support of the
orthogonality measure µ for the Besell polynomials {Bn}n≥0, which are eigenfunctions of the
differential operator
L = x2 d
2
dx2
+ (2x+ 2)
d
dx
,(3.26)
with eigenvalue n(n + 1), n ≥ 0. Since these polynomials constitute a complete orthogonal
system in L2(Ω, dµ), then, if we consider the Bessel equation with a single control
(3.27) zt = x
2zxx + (2x+ 2)zx + b(x)u t ≥ 0, x ∈ Ω,
where b ∈ L2(Ω, dµ) and the control u belong to L2(0, t1; Ω), we have that (3.27) is approxi-
mately controllable if and only if
〈b, Bn〉L2(Ω,dµ) 6= 0, for all n ≥ 0.
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